Abstract-Detailed power loss distribution in induction machines is assessed using time-stepped finite element analysis coupled to circuit equations of an inverter. Losses are examined for various load conditions. Iron losses are largely unexplored and so particular attention is paid to them here. The simulation has revealed the division between ohmic, hysteresis, classic eddy current and anomalous losses; and the distribution in the frequency spectrum between fundamental, slotting, and multiples of the switching frequency. Insight is gained into the spatial location of the loss. Experimental validation is provided for several fundamental frequencies from full-load to light-load conditions.
I. INTRODUCTION
As new manufacturing standards take effect, induction motor designers face more challenging machine efficiency specifications [1] . Power losses must then be thoroughly understood and predicted. In order to accurately calculate the power losses in a machine, two largely overlooked aspects are acquiring special importance: iron losses and stray losses.
Iron loss calculation is still the most complex problem when estimating the power losses in an induction machine. There are a number of reasons for the difficulty in achieving good results, among them:
• The loss mechanism is still not well understood even in simple shape laminations.
• Second order effects (such as the eddy currents) are very difficult to isolate and measure.
• The physical properties of iron laminations can vary dramatically from one sample to another.
• During motor manufacturing, the iron laminations are exposed to a number of mechanical stresses (such as punching, heating and assembly) which change their magnetic properties. Not withstanding of these difficulties, considerable efforts are being made by industry and academia to understanding iron loss phenomena in quantitatively and qualitatively terms.
Statistical approaches have been used [2] in which experimental iron loss data are correlated to the physical construction details of the machine. In general, statistical approaches have important advantages: the contribution of each design parameter to the total iron power loss is described and the computational effort to obtain iron loss estimates is small. However, serious disadvantages have to be mentioned: they require a large database of motors containing intrinsic construction details of each machine and a lot of experimentation must be done in order to find a reliable correlation between losses and the machine design parameters.
Another approach to describe the iron losses in an induction machine is to rely on the well established equivalent circuit model. One of the earliest references discussing iron losses in this model might be attributed to Behrend, in 1896 [3] . When secondary effects are to be taken into account, the model can be extended with a chain of LR-branches to consider higher order harmonics, extra resistors to account for eddy current power dissipation and/or saturable inductors (where more recent references [4] , [5] , [6] are but a representative sample). Models based on the equivalent circuit achieve some success by quantitatively describing iron losses; however they fail to provide information on where they are concentrated in the machine.
The physical distribution of losses may be approximated by constructing an analytical model on a simplified geometry of the machine [7] . However, some important construction features may be overlooked, such as the dimension of tooth tips, for instance.
Under the penalty of the being computationally demanding, Finite Element (FE) techniques may be the best approach to estimate and provide insight into iron losses.
This work addresses the power loss distribution in induction machines using a time-step finite element technique coupled to equivalent circuit equations in which an inverter model is embedded. Engineering knowledge is advanced by explaining in detail the power loss behaviour of an inverter-fed induction machine under different operating conditions. II. SYSTEM REPRESENTATION The motor-inverter system is represented by integrated simulation governed by equations 1 and 2. The machine model is similar to that described in previous research [8] , [9] : the stator variables are in the ABC reference frame, while a dq model is employed to represent the rotor; R is the resistance matrix; I, the phase currents vector; Ψ, the flux linkages and L is the inductance matrix. The motor nonlinearities are accounted for by continuously re-computing L by FE analysis. The finite element mesh of the stator and rotor laminations are shown in figure 1. Two major modifications have been made to this model [10] : the phase voltages (V) are inverter switching waveforms, and the non-linear voltage drops across the inverter transistors and diodes are represented by F(I). This inverter-motor model was used to simulate the machine at several combinations of fundamental frequency and mechanical load.
III. POWER LOSS DISTRIBUTION
The inverter and machine were simulated for all combinations of four fundamental frequencies (5, 10, 25 and 50Hz) and four load conditions (represented as four different unnormalised slips of 0.5, 1.25, 2.0 and 2.5Hz). Hereafter, the slips of 0.5Hz and 2.5Hz will be referred as the light-load and fullload conditions, respectively. In all cases the switching frequency was 5kHz. Since constant-flux is a necessary condition for fair comparison of the iron losses for different fundamental frequencies, a V/F controller with voltage boosting was implemented. In addition to these inverter-fed simulations, a set of sinusoidal-excited simulations for the same loading are included as a benchmark.
The power loss calculation was applied in a post-processing stage to the FE simulation data and the results obtained for the stator and rotor are discussed in the following sections.
A. Iron loss model
Although there are several variants of the calculation of the three contributions to iron loss power density, one widely accepted set of expressions is given by equations 3 to 6 [11] , [12] . An important feature of equation 4 is the term enclosed in parenthesis, which corresponds to the Lavers' Correction Factor (LCF) as presented in [13] . This term is an approximation to account for hysteresis losses produced by the minor loops a BH-locus may contain.
Undoubtedly, there are other models for iron losses which may result in more accurate predictions [14] , [15] , [16] . The model represented by the equations above was chosen because of its reasonable accuracy and invaluable experience gained in the past [9] , [17] .
B. Iron power loss in the stator
The simulation results obtained for Hysteresis power losses are, perhaps, the simplest case to describe as they seem to behave linearly against the fundamental frequency (figure 2), which is in accordance with the chosen model (equation 4). Figure 2 also indicates a marginal change of power loss with the motor load. Figure 3 shows the contribution of the LCF to the total hysteresis loss as a function of the slip. For PWM excitation, the minor-loop correction represents between a 30% and 80% of the hysteresis loss calculated without it. For the sinusoidal case the correction is only about 20%. [W]
Guide line for P loss proportional to f 1.5 0.5Hz 1.25Hz 2.0Hz 2.5Hz 2.5Hz (sin) Full−load sinusoidal excitation The behaviour of the classic eddy current loss in the stator is surprisingly linear against frequency (figure 4). Equation 5 indicates that the eddy current power loss should be a quadratic function of frequency, such as that shown as a dashed line in the same figure for a slip of 2.5 Hz. A frequency spectrum analysis revealed that the difference was a consequence of a chain of events described as follows:
• As the fundamental frequency decreases, a low modulation index must be used to keep the mutual flux constant.
• A low modulation index significantly increases the magnitude of the sideband components around the second multiple of the switching frequency with respect to the fundamental frequency component.
• Because of their relative high frequency (approximately twice the switching frequency), these second-order sidebands have a considerable impact on iron loss. This impact is important enough to break the "expected" quadratic behaviour. To provide a clearer perspective on the contribution of the PWM frequency components to iron loss, a power loss partition in frequency is performed. The frequency spectrum is di- ] contains the fundamental frequency and the most significant slotting harmonics; band B (2.5kHz-7.5kHz], the sidebands of the switching frequency; band C (7.5kHz-12.5kHz], the sideband components of the second multiple of the switching frequency; and finally, band D (12.5kHz-17.5kHz] includes the sideband components of the third multiple of the switching frequency. Figure 6 shows the power loss density distribution for the chosen frequency bands for the five elements marked in figure 1. The power loss density is shown for two fundamental frequencies (25Hz and 50Hz) under PWM excitation at a rotor slip of 2.5Hz. A sinusoidal excitation case at the same slip is also shown as benchmark. The first aspect to note is that the location of a finite element within the iron lamination is remarkably important. Element 1 (in the tooth tip) has the highest loss density. This is because its flux density is higher than any other element and its dB dt (in both radial and tangential directions) is the highest. The power densities for the rest of the elements are about the same order (note that the y axis has the same scale in figures 6 (b) to (e) but (a) is different).
By comparing the power loss density in band A for all elements, it may be observed that it changes approximately as a quadratic function between the 25Hz-and 50Hz-cases (a factor of 4 for double the frequency). The changes for the other fre-quency bands is more complex. The loss density in band C is almost unchanged for elements 1, 2 and 4; but it shows a large increase for a decrease of fundamental for elements 3 and 5. For bands B and D there is not a particular ratio of change from one case to the other. Although there is no obvious pattern for how the power loss density for PWM-related harmonics change with fundamental frequency, it is important to note that, in general, it does not increase as much as the fundamental contribution itself. Clearly, a quadratic behaviour of the classic eddy current loss for the whole motor should not be expected. The quadratic function only accounts for the fundamental frequency and ignores the effects of the PWM-related harmonics and their non-uniform spatial distribution in the motor laminations. Figure 6 also allows an important comparison between elements 4 and 5. These two elements might be expected to dissipate the same power as they have symmetrical locations in the iron laminations displaced by one slot. The loss densities in band A are only marginally different while in the rest of the bands the loss density in element 5 is considerably larger than in element 4. The higher susceptibility to loss of element 5 is because it has a larger magnetic flux. Element 5 is in a tooth located between two phase bands and all the additional phase-band leakage flux produced by the PWM power source increases the power dissipation.
The behaviour of anomalous loss (calculated from equation 6) against the fundamental frequency is shown in figure 5 . The general trend for the anomalous loss has many similarities with the classic eddy current loss as they both share the term dB dt raised to some power (power 2 for classical loss and 3/2 for anomalous loss). Again, the behaviour against the fundamental frequency is surprisingly linear due to the contribution from second-order PWM sideband components at low modulation indexes, as already explained for the case of the eddy current loss. The impact of these high-order PWM sidebands in the anomalous loss may be evaluated by comparing the results for the power loss dissipation at a rotor slip of 2.5Hz with the dashed trace in figure 5 , which is a guide line changing as f 
C. Iron power loss in the rotor
The factors which are significant for the hysteresis power loss in the rotor are different to those in the stator. As figure  7 shows, the losses remain basically constant against the rotor frequency from about 1.25Hz to 2.5Hz and sharply decrease as the rotor comes closer to the synchronous speed. Without the Lavers' correction factor, hysteresis losses show a very different structure, as shown in figure 8 . The first difference to point out is that the magnitude of the losses predicted using the LCF is much larger than those without it. For a fundamental frequency of 50Hz and a rotor frequency of 0.5Hz the LCF works out to be 4.5 0.9 = 50; at the other extreme, for a fundamental frequency of 5Hz and a rotor frequency of 2.5Hz the correction is about stator. The second major difference between figures 7 and 8 is that the latter shows that hysteresis loss is dependent on the rotor frequency and almost independent of the stator fundamental frequency. This can be explained by considering that expression 4 without the LCF estimates hysteresis losses as a linear function of the frequency of the flux density present in the lamination (the rotor frequency) and it is independent of the stator fundamental frequency. By bringing the LCF into the calculation, additional causes of loss are considered, such as slotting and PWM-related frequencies. In particular, slotting accounts for the strong dependency on the fundamental frequency shown in figure 7 . Figure 9 shows the effect of the motor load on classic eddy current loss: as the load increases, the rotor classic eddy decreases. This can be linked with the rotor saturation. As the load increases, some parts of the rotor laminations (the leakage paths) become more saturated and the PWM components in the flux density are attenuated. As a consequence, the dB dt decreases and so do the losses related to it. From figure 9, it can also be determined that the classic eddy current iron losses change almost linearly with the fundamental frequency. Take as an example the set of results for a rotor frequency of 2Hz. The ratios of loss for 25, 10 and 5Hz to the 50Hz-case are The same characteristics described above for the classic eddy current loss are also found for the anomalous losses, depicted in figure 10: (i) an almost linear behaviour against the fundamental frequency and (ii) an increase in magnitude as the load decreases. These characteristics are common to both types of losses as they share the same dB dt term. Note that anomalous losses are one order of magnitude smaller than the classic eddy current loss.
A frequency analysis of the magnetic flux density in some locations of the rotor was carried to explain the physical distribution of losses and their constitution in the frequency domain. The rotor finite elements under study are shown in figure 1 (elements 6 to 12) and the frequency bands A to D are defined in the same way as for the stator. Figure 11 shows the power loss density in the chosen elements at full-load condition.
For the sinusoidal case in any element, the power density in band B is not null as it contains important slotting harmonics. The location of these harmonics is given by equation 7 [18] :
Where: The most relevant slotting harmonics contained in this band are the combination of 3 rd , 4 th , 5 th and 6 th air-gap permeance harmonics (n) with the fundamental component of the stator series (ν).
For the frequency band A, all the elements in figure show that the loss density scales in an approximately quadratic way with respect to the fundamental frequency: the losses at 25Hz are approximately a 1/4 of the losses at 50Hz. This is the case because the iron losses in the rotor are dominated by a classic eddy current phenomenon, as it can be noticed by examining the magnitude of the losses depicted in figures 7, 9 and 10.
Another common characteristic for all elements in figure 11 is that, for the 25Hz-PWM case, the losses in band C are higher than those in band B. This follows the same principle explained in earlier section for some of the stator laminations: the modulation index plays a crucial role in the power distribution along the frequency spectrum.
The slot bridge (element 6) has not only the highest losses but they are also spread over the entire spectrum. PWM related losses are comparable or even larger than those in frequency band A. The tip of the rotor tooth (element 7) exhibits losses of the same order as the bridge; however, the power loss in the upper region of the spectrum is not as significant.
It is important to note that the magnitude of the power loss density decreases rapidly when moving from the rotor surface: from the order of 10 5 [W/m 2 ] in elements 6 and 7, it decays by one order of magnitude in element 8, which is located in the iron at the head of the bar. By the middle section of the tooth the power loss density is less than 300[W/m 2 ] and in the inner section of the rotor (elements 11 and 12) the loss density is less than 100[W/m 2 ]. The power loss density in bands B to D in element 10 indicates that the PWM-related flux density is not restricted to the rotor surface, it can produce losses in the inner core of the rotor that are comparable or larger than the losses in frequency band A. 
D. Ohmic power loss
Ohmic losses are relatively straight forward to calculate under the assumptions that the stator and rotor resistances are known and constant. The ohmic power losses calculated for the stator and rotor at full-load and light-load are presented in table I.
As expected, when the motor is running at light-load, the ohmic losses are low, specially for the rotor. From this table, it can also be noticed that the difference in loss between the sinusoidal-and PWM-excitation at 50Hz is marginal. This is hardly a surprise as these two simulations were designed to have the same fundamental voltage, and therefore, about the same fundamental current.
The extra ohmic power loss introduced by the PWM frequency components is small, as the following analysis in the frequency domain shows. The frequency spectrum was divided in the the same bands A to D as for the iron loss discussion and the power loss was calculated for each band. The findings are that above 99.86% of the stator losses (and 98.72% of the rotor losses) take place in frequency band A for any of the fundamental frequencies presented in table I, for both full-and light-load conditions.
For the stator, the percentage of the loss dissipation for bands B to D are shown in figures 12 and 13, for the full-load and light-load conditions, respectively. Although the effect of the PWM-related frequencies can be noticed in these figures, the power loss contained in bands B, C and D is quantitatively unimportant as they account for less than 0.16% of the total stator loss.
The percentage of the loss dissipation for bands B to D for the rotor are shown in figures 14 and 15, for the full-load and lightload conditions, correspondingly. As can be observed from these figures, the percentage of loss contained in bands B to D at light load increases significantly with respect to the full-load case. This indicates that, however marginal, the PWM-related losses are more significant at light loads.
The most important remark to be obtained from the previous analysis is that the extra-loss introduced by the PWM-related frequency components has a much less severe impact on ohmic losses than on iron losses.
IV. EXPERIMENTAL VALIDATION The experimental work was based on an input-output power measurement method. An un-skewed, 4-pole, 2.1kW induction 25Hz PWM excitation 50Hz PWM excitation 50Hz Sinusoidal excitation Fig. 15 . Light-load rotor ohmic loss motor is mechanically coupled to an independently excited DCmachine which provides a load torque. The torque was manipulated through the field voltage applied to the DC-machine and some external rheostats. The input power into the induction machine was measured by a PM3000A power analyser connected between the power supply and the motor. The output power is calculated by measuring the torque between the two machines and the speed of the shaft. The torque is measured by means of a contact-less sensor. Additional instrumentation in the test rig includes a thermocouple buried in the stator winding which is used to correct the resistance values. The topology of the power converter used in this project is the standard voltage source inverter without the front-end full-wave rectifier. Instead, the power for the DC-link is provided by a variable voltage DC-power supply. The triggering signals for the power converter module are generated by a DSP, which follows a sinusoidal-based regular-sampled PWM strategy.
The losses by windage and friction are subtracted from the measured power loss (P in − P out ) leaving as a result the combination of ohmic and iron losses. This combined power loss is compared against the simulation results presented in the previous section. Figures 17 to 20 show this comparison for fundamental frequencies of 50, 25, 10 and 5Hz. Figure 16 shows the case of a 50Hz sinusoidal power supply and the rest correspond to PWM excitation.
The dashed lines in all these figures are the measurement tolerance errors, which take into consideration the limitations of the power analyser and the torque sensor. In the worst case scenario, the tolerance bands represent an accuracy of 2.16% of the rated input power. By using a calorimetric test rig this figure may be improved to the order of 0.14% [19] , affording a longer development time and a higher installation cost. The torque sensor accuracy (±0.25Nm) accounts for more than 80% of the tolerance bands at full-load and almost 90% at light-load. This strong dependency of the tolerance bands on the torque measurement makes the width of the bands speeddependent.
In all cases presented in this section, from 50Hz to 5Hz and from no-load to light-load, the difference between the measured and simulated values is within a 2.5% of the rated input power. The fact that this difference scales at the same pace as the width of the tolerance bands suggests that the error might be in a calibration error of the torque sensing unit.
An interesting comparison arises from figures 16 and 17 (50Hz-sinusoidal excitation and 50Hz-PWM excitation cases, respectively): at full load, the experimental results are about 341W for the first case and 383W for the latter. This represents and increment in loss dissipation of 12%. Given that the ohmic loss analysis has revealed that the PWM-related frequencies add very little loss, this 12% is mainly attributed to iron losses. At a light-load condition the power loss increment is larger at 40%.
An important feature in every plot is that the difference between the simulated values and the experimental results is slightly larger at full-load, compared with a light-load condition. This is attributed to a mismatch between the BH-curve used in the program and the real reluctivity of the machine laminations.
At a fundamental frequency of 10Hz, no torque reading was taken between a slip 2.5 and 1.3Hz due to a mechanical resonance.
At low frequencies it is noticeable that the power losses decrease from full-load up to a certain slip (0.8 for the 10Hz case in figure 19 and 1.2 for the 5Hz case in figure 20 ) and then they increase again towards the light-load region. This behaviour is due to ohmic losses. While the minimum rotor current always takes place at the synchronous speed, the minimum stator current occurs at a sub-synchronous speed. The exact point of this minimum depends on the value for the different reactances and resistances of the motor. At rated frequency this minimum is usually located very close to the synchronous speed. When the fundamental frequency decreases, the reactances scale linearly with it but not the stator resistance, changing the relative magnitude between the resistive and reactive parts of the input impedance. The final outcome is that the point where the minimum stator current occurs moves away from the synchronous speed. This phenomenon can be observed even in linear motor models, where no iron saturation is considered. When saturation is put in place, the minimum point occurs even further away from the synchronous speed. In terms of power loss, these are predominantly ohmic at low frequencies and therefore the minimum loss point will occur at approximately the same operating point as the minimum stator current. It should be clear that this phenomenon may be attenuated with close-loop controllers (such as vector control or direct torque control) which regulate the magnitude of the magnetising current independently of the loading of the machine.
The Finite Element simulations are in good agreement with the experimental results. This is attributed to the assurance a firm numerical convergence in every time step and the cross check of the results coherence in the time and frequency domains.
V. CONCLUSIONS Finite element analysis coupled to a circuit model of an inverter has been used to study the power loss distribution in an induction machine under regular-sampled PWM excitation for various operating conditions. Emphasis was put on iron losses as they are still a challenge in machine design and the impact of PWM-related frequency components is more severe on them than on ohmic losses. The findings are as follows.
When a fundamental frequency lower than the base frequency is applied, the modulation index is reduced to maintain the mutual flux constant. A low modulation index increases the frequency components around the second multiple of the switching frequency. These have an important impact on iron losses.
The behaviour of classic eddy current and anomalous losses as functions of the fundamental frequency is as expected but the contribution of the high-order PWM-related harmonics is dominant.
The PWM-related frequency components of the flux density are distributed across the motor laminations in a different pattern to those at fundamental frequency.
Both the presence of high frequency fields and their nonuniform spacial distribution mean that modelling iron losses as a two-term polynomial (a quadratic-plus a 3 2 -order term) of the fundamental frequency may be completely unsuitable for some applications.
The almost-linear increase of the total iron losses against the fundamental frequency that has been found in this work is only a particular case and may not be valid as a general rule. Iron loss modelling in inverter-driven induction motors is a complex problem in which the fundamental frequency, the load of the machine, the modulation index and the PWM modulation strategy are all important factors in forming the iron loss behaviour.
Lavers' correction factor is only an approximation to account for the minor loops in the hysteresis curve but it has been sufficient to indicate the significance of these minor loops in the iron loss calculation, particularly in the rotor. This underlines the importance of further research to improve the approximations for the minor loops contained in a BH-curve.
The simulations have been validated by experimental data wherever possible, but it is not physically feasible to measure all the loss components separately. Only simulation can thoroughly segregate iron power loss into different types, different frequency bands and different physical distribution.
